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SYMMETRY GAPS IN RIEMANNIAN GEOMETRY AND
MINIMAL ORBIFOLDS
WOUTER VAN LIMBEEK
Abstract. We study the size of the isometry group Isom(M, g) of Rie-
mannian manifolds (M, g) as g varies. For M not admitting a circle ac-
tion, we show that the order of Isom(M, g) can be universally bounded
in terms of the bounds on Ricci curvature, diameter, and injectivity ra-
dius of M . This generalizes results known for negative Ricci curvature
to all manifolds.
More generally we establish a similar universal bound on the index
of the deck group pi1(M) in the isometry group Isom(M˜, g˜) of the uni-
versal cover M˜ in the absence of suitable actions by connected groups.
We apply this to characterize locally symmetric spaces by their sym-
metry in covers. This proves a conjecture of Farb and Weinberger with
the additional assumption of bounds on curvature, diameter, and injec-
tivity radius. Further we generalize results of Kazhdan-Margulis and
Gromov on minimal orbifolds of nonpositively curved manifolds to ar-
bitrary manifolds with only a purely topological assumption.
Contents
1. Introduction 1
2. Preliminaries 7
3. Isometries of Riemannian manifolds and covers 13
4. Isometry groups of contractible manifolds 19
5. Minimal Orbifolds 22
6. Detecting normal subgroups and equivariant Gromov-Hausdorff
convergence 24
References 27
1. Introduction
Let M be a closed Riemannian manifold with metric g. A general ques-
tion is to study the relation between the geometry of M and the group
of isometries Isom(M,g). An important example is the classical result of
Bochner-Yano [BY53] that if M is negatively curved then Isom(M) is finite.
Given this qualitative result, one can hope for a quantitative version that
bounds the size of the isometry group. The first result in this direction is a
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classical theorem due to Hurwitz, which states that for any hyperbolic metric
on a surface Σ of genus g ≥ 2, the order of Isom(Σ) is at most 84(g−1). This
result already shows there is an interesting connection between the question
of bounds on the order of Isom(M,g) and the topology of M . Further
results in this direction have been proved by Huber [Hub71] (for hyperbolic
manifolds), Im Hof (for negatively curved manifolds) [Hof73], Maeda (for
nonpositively curved manifolds with negative Ricci curvature) [Mae75], and
Katsuda (for manifolds with negative Ricci curvature) [Kat88], and Dai-
Shen-Wei [DSW94]. For more information see [DSW94] and the references
therein. We will just state the latter result since it is the most general.
Theorem 1.1 ([DSW94]). Let n ≥ 1 and Λ > λ, ε0,D be positive constants.
Then there exists C ≥ 1 such that for any closed Riemannian n-manifold
(M,g) such that
−Λ ≤ RicM ≤ −λ < 0, injradM ≥ ε0, diam(M) ≤ D,
we have | Isom(M)| ≤ C.
The proofs of the above results rely on differential geometric techniques in
negative (Ricci) curvature such as Bochner identities. On the other hand, it
is clear that the Bochner-Yano theorem generalizes to many manifolds that
are not negatively curved. For instance, Borel proved that if M is closed
aspherical and π1(M) is centerless then M admits no nontrivial action by
a compact connected Lie group [Bor83]. Hence for any metric g on M , the
isometry group Isom(M,g) is finite.
Main results. As far as we are aware no progress has been made on quan-
titative generalizations of the Bochner-Yano theorem without some assump-
tion of negative curvature. The goal of this paper is to prove results similar
to Theorem 1.1 outside of the setting of negative curvature. However, M
may admit metrics with infinite isometry group so that no upper bound
on the number of isometries can be obtained. Our main result is that the
existence of an action by a connected Lie group is the only obstruction to a
uniform bound on the size of isometry groups. More precisely, we prove the
following.
Theorem 1.2. Let Λ, ε,D > 0 and n ≥ 1. Then there exists C > 0 with
the following property. Suppose (M,g) is a closed Riemannian n-manifold
such that M does not admit a C2 circle action, and such that
(1.1) |Ricg | ≤ Λ, injrad(M,g) ≥ ε, diam(M,g) ≤ D.
Then Isom(M,g) has order at most C.
Remark 1.3. At least some of the bounds on Ricci curvature, injectivity
radius and diameter are essential in Theorem 1.2 because of the following
example. Cappell-Weinberger-Yan [CWY13] constructed smooth closed as-
pherical manifoldsM of any dimension > 7 that admit no continuous action
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by a connected group. However, as was pointed out to me by Shmuel Wein-
berger, these examples have a degree 3 self-cover p : M → M . From the
construction it is clear that p and all of its iterates pn :M →M are regular
covers, so that M admits a smooth effective action by a group of order 3n
for any n ≥ 1.
Remark 1.4. As explained above, if M is a manifold with a C∞ circle
action, then there is a smooth metric such that this action is by isometries.
In Theorem 1.2 we assume that there is no C2 action. We do not know if
the nonexistence of a C∞ circle action suffices to obtain the conclusion of
Theorem 1.2.
Remark 1.5. Our proof gives no information about the size of C, but it
would be interesting to obtain explicit upper bounds.
As mentioned above, in the special case that M is a closed aspherical
manifold and π1(M) is centerless, Borel proved that no connected Lie group
acts effectively on M . Therefore Theorem 1.2 yields a quantitative version
of Borel’s theorem. In this case we actually obtain an explicit, but probably
very far from optimal, bound on C.
Theorem 1.6 (Quantitative Borel). Let Λ, ε,D > 0 and n ≥ 1. Then there
exists C > 0 with the following property. Let (M,g) be a closed aspherical
Riemannian n-manifold with centerless fundamental group and satisfying
the bounds of Equation 1.1. Then Isom(M,g) has order at most C.
Set N =
Vk(D2 )
Vk(
ε
4
) , where Vk(r) denotes the volume of a ball of radius r in
a simply-connected manifold of dimension n and constant curvature −Λn−1 .
Then we can take C = NN .
Note that in Theorems 1.2 and 1.6 we do not require the Ricci curvature
to be negative. Consequently, the proofs will not use phenomena in negative
curvature and hence will be very different from the proof of Theorem 1.1
(and the previous results of Bochner-Yano, Hu¨ber, Im Hof, Katsuda, Maeda,
and Dai-Shen-Wei). Instead our methods are more topological. We will give
a further outline of the proof of Theorem 1.2 at the end of this section.
The use of topological tools (instead of geometry in negative curva-
ture) has the advantage of generalizing well to covers, and this yields
far more information. The viewpoint of studying the isometries of cov-
ers of M , rather than just of M itself, has been first considered by Eber-
lein [Ebe80, Ebe82] (for nonpositively curved manifolds) and later Frankel
[Fra94] (for semisimple isometry groups), and since greatly developed by
Farb-Weinberger [FW05, FW08] (for aspherical manifolds). Here one stud-
ies the relation between the geometry of (M,g) and the isometry group
Isom(M˜) of the universal cover M˜ . Note that the group I(M˜ ) potentially
contains much more information than Isom(M). For example, if M is hy-
perbolic, then the Bochner-Yano theorem implies that Isom(M) is finite,
but Isom(M˜ ) is a Lie group that acts transitively on M˜ .
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Of course Isom(M˜ ) always contains the deck group π1(M). In [FW08],
Farb-Weinberger prove that if M is aspherical and Isom(M˜ ) contains the
deck group π1(M) with infinite index, then M is a Riemannian orbibundle
with locally homogeneous fibers (see Section 2.4 for more information and
explanation of this terminology).
The correct analogue of the order of Isom(M,g) is the index [Isom(M˜ , g˜) :
π1(M)]. Note that the Bochner-Yano theorem does not hold for covers, be-
cause, as remarked above, if M is hyperbolic then [Isom(M˜ ) : π1(M)] =∞.
Still, the analogue of Theorem 1.2 is true. Namely we bound the index
[Isom(M˜, g˜) : π1(M)] in terms of dimM , bounds on Ricci curvature, di-
ameter, and injectivity radius of M under the assumption of absence of
appropriate actions.
Theorem 1.7. Let Λ, ε,D > 0 and n ≥ 1. Then there exists C > 0 with
the following property. Suppose (M,g) is a closed Riemannian n-manifold
such that M˜ does not admit a proper C2 action by a postive-dimensional Lie
group G containing π1(M), and such that
(1.2) |Ricg | ≤ Λ, injrad(M,g) ≥ ε, diam(M,g) ≤ D.
Then [Isom(M˜) : π1(M)] ≤ C.
We prove a stronger result in the special case of aspherical manifolds M
such that π1(M) contains no nontrivial normal abelian subgroup. Namely,
in this case we are able to prove that the above result holds with C2 actions
replaced by C∞ actions. Therefore we obtain the existence of a gap in
smooth symmetry of these manifolds. Namely, either [Isom(M˜ ) : π1(M)] ≤
C or [Isom(M˜ ) : π1(M)] =∞. Combined with the work of Farb-Weinberger
on the latter case [FW08], this yields the following theorem.
Theorem 1.8. Let Λ, ε,D > 0 and n ≥ 1. Then there exist C, d > 0
with the following property. Let (M,g) be a closed aspherical Riemannian
n-manifold such that π1(M) contains no nontrivial normal abelian subgroup,
and such that
(1.3) |Ricg | ≤ Λ, injrad(M,g) ≥ ε, diam(M,g) ≤ D.
Then [Isom(M˜) : π1(M)] ≤ C or M has a finite cover M
′ of degree at most d
such that M ′ is isometric to a nontrivial Riemannian warped product B×fN
where f : B → R>0 and for every b ∈ B, the copy {b}×N of N is isometric
to a locally symmetric space of noncompact type.
Applications. We now give two applications of Theorem 1.8. The first
application characterizes locally symmetric spaces in terms of isometries of
the universal cover. In this context, Farb-Weinberger proved the following.
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Theorem 1.9 (Farb-Weinberger [FW08, Theorem 1.3]). Let M be a closed
aspherical, smoothly irreducible, Riemannian manifold such that π1(M) con-
tains no nontrivial normal abelian subgroups and [Isom(M˜) : π1(M)] = ∞.
Then M is isometric to a locally symmetric space of noncompact type.
Here a manifold M is called smoothly irreducible if there is no finite
cover of M that is diffeomorphic to a nontrivial product. In addition Farb-
Weinberger conjectured the following quantitative version of Theorem 1.9.
Conjecture 1.10 (Farb-Weinberger [FW08, Conjecture 1.6]). Let M be a
smooth closed, aspherical, smoothly irreducible manifold such that π1(M)
contains no nontrivial normal abelian subgroups. Then there exists C > 1
only depending on π1(M) such that if g is any Riemannian metric on M
with [Isom(M˜) : π1(M)] ≥ C, then M is isometric to a locally symmetric
space of noncompact type.
Remark 1.11. The assumption that π1(M) has no nontrivial normal
abelian subgroups can be explained as follows. First note that the con-
jecture fails for tori. More generally there are many fiber bundles M → N
with fibers isometric to tori for which the conjecture fails. However, in this
case M has a nontrivial normal abelian subgroup.
On the other hand suppose M is closed aspherical and π1(M) has trivial
center. Then by a theorem of Borel, M admits no effective actions by
connected Lie groups.
Remark 1.12. In view of Remark 1.3, the assumption in Conjecture 1.10
that π1(M) has no nontrivial normal abelian subgroups cannot be weakened
to assuming that M admits no action by a connected Lie group.
As evidence for Conjecture 1.10, Farb-Weinberger proved the conjecture
ifM is assumed to be diffeomorphic to a locally symmetric space of noncom-
pact type. Avramidi [Avr13] proved the conjecture for noncompact finite
volume locally symmetric spaces. Tam Nguyen Phan [Pha] proved Conjec-
ture 1.10 for piecewise locally symmetric manifolds. These manifolds are
obtained by gluing noncompact finite volume locally symmetric spaces.
We will prove Conjecture 1.10 for general M , but subject to bounds on
the Ricci curvature, injectivity radius, and diameter of (M,g). The following
is immediate from Theorem 1.8 and the assumption of smooth irreducibility
of M .
Corollary 1.13. Let Λ, ε,D > 0 and n ≥ 2. Then there exists C > 0
with the following property. Suppose (M,g) is a closed, aspherical, smoothly
irreducible Riemannian n-manifold such that π1(M) contains no nontrivial
normal abelian subgroup, and
(1.4) |Ricg | ≤ Λ, injrad(M,g) ≥ ε, diam(M,g) ≤ D.
Then [Isom(M˜ ) : π1(M)] ≤ C or (M,g) is isometric to a locally symmetric
space of noncompact type.
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The second application of Theorem 1.7 is to the phenomenon of minimal
orbifolds. This was first discovered in the context of symmetric spaces by
Kazhdan-Margulis [KM68]. They proved that for every n ≥ 1, the volume
of locally symmetric orbifolds of dimension n is bounded below by some
number µn > 0. More precisely, if X is a symmetric space of noncompact
type of dimension n, then for any group Γ acting on X properly discontinu-
ously (not necessarily freely), we have vol(X/Γ) ≥ µn. This was generalized
to manifolds with negative curvature by Gromov [Gro78]. We prove the
following related result on contractible complete Riemannian manifolds X
that does not assume negative curvature.
Corollary 1.14 (Minimal orbifolds). Let Λ, ε,D > 0 and n ≥ 2. Then there
exists µ > 0 with the following property. Let X be a contractible Riemannian
n-manifold with |Ric | ≤ Λ and admitting a compact manifold quotient M
such that π1(M) contains no nontrivial normal abelian subgroup, and such
that
injrad(M) ≥ ε, diam(M) ≤ D.
Then for any group Γ acting properly discontinuously by isometries on X,
we have vol(X/Γ) ≥ µ.
Remark 1.15.
(1) Note that if X is a symmetric space then X has a compact manifold
quotient M such that π1(M) contains no nontrivial normal abelian sub-
groups. Therefore Corollary 1.14 generalizes the theorem of Kazhdan-
Margulis. However, as the proof uses the result of Kazhdan-Margulis,
this does not provide a new proof.
(2) The existence of minimal orbifolds is entwined with Conjecture 1.10.
Namely, if the conjecture is true for a manifold M , then the universal
cover has the minimal orbifolds property.
(3) Minimal manifolds are related to collapsing in Riemannian geometry.
If Mk is a sequence of Riemannian n-manifolds with vol(Mk) → 0 but
with uniformly bounded sectional curvatures and diameter, then (Mk)k
is a collapsing sequence. By the work of Cheeger, Fukaya, and Gromov,
such a manifold admits a nilpotent Killing structure along which the
collapse occurs. This in turn forces topological restrictions. See [CG86,
CG90, CFG92, CR95, CR96] for more information.
Outline of proofs. We give a brief outline of the proof of the Main The-
orems 1.2 and 1.7. Suppose that there exist closed Riemannian manifolds
(Mk, gk) satisfying the bounds of Equation 1.1 and with isometry groups
Ik such that |Ik| → ∞. By a result of Anderson, the bounds of Equation
1.1 imply that along a subsequence Mk are diffeomorphic to some closed
manifold M and gk → g for some Riemannian metric g.
Write I := Isom(M,g). Then I is a Lie group acting by C2 diffeomor-
phisms, so for Theorem 1.2 it suffices to show I is infinite. We produce many
elements of I in the following way. Since gk → g, an isometry of gk is nearly
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an isometry of g. This suffices to show the family ∪kIk is uniformly equicon-
tinuous. Therefore any infinite sequence of elements of ∪kIk subconverges
to an element of I. The difficulty is to produce infinitely many distinct such
limits.
Let us just sketch how to produce one nontrivial element this way. The
key tool here is a theorem of Newman, which shows the maximal diameter
(with respect to a fixed metric) of all Ik-orbits is bounded away from 0
independently of k. So we can choose δ > 0 and fk ∈ Ik and pk ∈ M such
that
d(fkpk, pk) ≥ δ.
This inequality passes to limits, so that the limit f (along a subsequence)
will be nontrivial.
For the proof of Theorem 1.7, there is the additional difficulty that we
may have pk → ∞, so that no information about the limit is obtained.
However, we show that we can choose pk in a compact subset of M˜ .
Outline of the paper. In Section 2 we discuss some preliminary tools
that will be used in the proofs. In the next two sections we prove the main
theorems. In Section 3 we first prove Theorem 1.7. Then we prove Theorems
1.2 and 1.6. In Section 4 we prove Theorem 1.8 that establishes a smooth
symmetry gap for certain aspherical manifolds. We prove Corollary 1.14 on
the existence of minimal orbifolds in Section 5. Finally in Section 6 we prove
a technical result (Theorem 2.11) needed in the proof of Theorem 1.8.
Acknowledgments: I am pleased to thank Max Engelstein and Katie
Mann for helpful conversations regarding Section 2.2. I am grateful to Tu
Tam Nguyen Phan for helpful discussions about piecewise locally symmetric
spaces. Many thanks to Shmuel Weinberger for generous advice and count-
less helpful suggestions. I am very grateful to my thesis advisor Benson Farb
for his invaluable advice and relentless enthusiasm during the completion of
this work and extensive comments on an earlier version of this paper. I
would like to thank the University of Chicago for support.
2. Preliminaries
2.1. Convergence of Riemannian manifolds. The discussion in this sec-
tion is based on [Pet06, Chapter 10]. We first define the important notion
of convergence of Riemannian manifolds.
Definition 2.1. Let r ≥ 1 and let (Mk, pk, gk) and (M,p, g) be pointed
complete Cr-Riemannian manifolds. For r > 0 we say that
(Mk, pk, gk)→ (M,p, g) in the C
r-topology
if for every R > 0 we can find a domain Ω ⊇ BM (p;R) and embeddings
fk : Ω →֒Mk
such that
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(1) BMk(pk;R) ⊆ fk(Ω),
(2) f∗kgk → g in the C
r-topology on metrics on Ω, and
(3) fk(p) = pk.
Remark 2.2. In the above definition we allowMk andM to be noncompact.
If Mk have universally bounded diameter, then it is easy to see that for
k ≫ 1 all maps fk are diffeomorphisms and basepoints can be chosen such
that Condition (3) holds.
Remark 2.3. We will be especially interested in the case that Mk is dif-
feomorphic to M for all k, but the metrics gk are distinct. In this case, it
is important to note that even if (M,gk) → (M,g) in the C
r-topology, the
metrics gk may not converge to g. For more information we refer to [Pet06].
There is a large amount of work on compactness results of families of Rie-
mannian manifolds with certain geometric restrictions. This started with the
result of Cheeger that the family of Riemannian manifolds with uniformly
bounded sectional curvature, injectivity radius and diameter is precompact
in the C1,α-topology [Che70]. This was subsequently improved by Ander-
son to the following theorem that uses Ricci curvature instead of sectional
curvature.
Theorem 2.4 (Anderson [And90]). Let Λ, ε,D > 0 and n ≥ 1. Also fix
0 < α < 1. The family of closed Riemannian n-manifolds (M,g) such that
|Ric(Mk, gk)| ≤ Λ, injrad(Mk, gk) ≥ ε, diam(Mk, gk) ≤ D
is precompact in the C1,α-topology. In particular this family contains only
finitely many diffeomorphism types.
2.2. Isometry group of limit metric. Motivated by Theorem 2.4, we
study the isometry groups of C1,α-metrics on Riemannian manifolds. Let
M be a connected smooth manifold (not necessarily compact) and let g be
a Cr(r ≥ 1) Riemannian metric on M . Here we mean that r = k+α for an
integer k ≥ 1 and 0 < α < 1 and when we write g = gijdx
idxj in smooth
local coordinates on M , we have that for every i, j, the kth derivatives of gij
are Ho¨lder continuous with exponent α. Set I := Isom(M,g). We will need
the following result, which is probably well-known to the experts, but we
could not find the proof in the literature for metrics of regularity less than
C2, so we will include it here.
Proposition 2.5. The topology of uniform convergence on compact subsets
of M induces the structure of a Lie group on I (possibly with infinitely many
components), and the action of I on M is Ck+1.
Proof. The Arzela`-Ascoli theorem implies that I is locally compact. A
theorem of Calabi-Hartman [CH70] implies that I consists of Cr+1-
diffeomorphisms ofM . One should be warned here that the result in [CH70]
is stated for all r > 0, but there is a flaw in the proof for r < 1 as was shown
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by Lytchak-Yaman [LY06]. However, the conclusion is still correct, even for
r < 1, as was shown by Taylor [Tay06].
Since r ≥ 1, it follows that I consists of C2 diffeomorphisms ofM . Further
note that Bochner-Montgomery showed [BM46, Theorem 1] that a locally
compact subgroup of Diff1(M) has the no small subgroups property. By
the solution to Hilbert’s fifth problem by Gleason, Montgomery-Zippin, and
Yamabe (see [Yam53]), it follows that I is a Lie group.
Finally, Montgomery showed [Mon45, Corollary 1] that whenever a Lie
group acts effectively by Ck diffeomorphisms on a manifold, then the action
is Ck. 
2.3. Equivariant Gromov-Hausdorff convergence. For information
about Gromov-Hausdorff convergence we refer to [Gro06], [BBI01], and
[Fuk90]. An equivariant version of Gromov-Hausdorff convergence was de-
veloped by Fukaya [Fuk86]. We introduce the following notation. If (X, p)
is a pointed proper metric space and G is a closed subgroup of isometries of
X, we set for R > 0
G(R) := {g ∈ G | d(p, gp) < R}.
Now we make the following definition.
Definition 2.6. Let (X, p), (Y, q) be pointed proper metric spaces, and let
G ⊆ Isom(X) and H ⊆ Isom(Y ). For ε > 0, an ε-equivariant Gromov
Hausdorff approximation is a triple (f, ϕ, ψ) where
(1) f : BX(p;
1
ε )→ Y ,
(2) ϕ : G(1ε )→ H(
1
ε ), and
(3) ψ : H(1ε )→ G(
1
ε ),
satisfying
(1) f(p) = q,
(2) BY (q;
1
ε ) ⊆ Nε(f(BX(p;
1
ε ))) where Nε denotes the ε-neighborhood,
(3) for x, y ∈ BX(p;
1
ε ), we have
|dY (f(x), f(y))− dX(x, y)| < ε,
(4) for g ∈ G(1ε ) and x ∈ BX(p;
1
ε ) such that gx ∈ BX(p;
1
ε ), we have
dY (f(gx), ϕ(g)f(x)) < ε,
(5) for h ∈ H(1ε ) and x ∈ BX(p;
1
ε ) such that ψ(h)x ∈ BX(p;
1
ε ), we have
dY (f(ψ(h)x), hf(x)) < ε.
The equivariant Gromov-Hausdorff distance deGH((X,G, p), (Y,H, q)) is the
infimum of ε such that there exists an ε-equivariant Gromov-Hausdorff ap-
proximation from (X,G, p) to (Y,H, q) and vice versa. This defines an ob-
vious notion of convergence.
Remark 2.7. It is not required that f is continuous, or that ϕ,ψ are (re-
strictions of) homomorphisms.
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The following result by Fukaya-Yamaguchi relates ordinary Gromov-
Hausdorff convergence to the equivariant case.
Theorem 2.8 ([FY92, Prop 3.6]). Let (Xk, pk), (X, p) such that (Xk, pk)→
(X, p)and let Gk ⊆ Isom(Xk) be closed subgroups. Then there exists a closed
subgroup G ⊆ Isom(X) such that (Xk, Gk, pk) subconverges in the equivari-
ant Gromov-Hausdorff topology to (X,G, p).
We also have the following relation between equivariant Gromov-
Hausdorff convergence and Gromov-Hausdorff convergence of the orbit
spaces.
Theorem 2.9 ([Fuk86, Theorem 2.1]). Let (Xk, pk) and (X, p) be pointed
proper metric spaces and Gk ⊆ Isom(Xk) and G ⊆ Isom(X) closed subgroups
such that (Xk, Gk, pk) → (X,G, p) in the equivariant Gromov-Hausdorff
sense. Then
(X/Gk, [pk])→ (X/G, [p]).
However, if (Xk, Gk, pk) → (X,G, p), it is in general very difficult to re-
late the group structure of Gk to that of G, essentially because equivariant
Gromov-Hausdorff distance makes no reference to morphisms. Still we have
the following result of Fukaya-Yamaguchi that detects suitable normal sub-
groups in the limit along the sequence.
Theorem 2.10 ([FY92, Theorem 3.10]). Let (Xk, pk) and (Y, q) be pointed
proper metric spaces. Let Γk ⊆ Isom(Xk) and G ⊆ Isom(Y ) be closed sub-
groups such that
(X,Γk, pk)→ (Y,G, q).
Let G′ ⊆ G be a normal subgroup and assume the following.
(1) G/G′ is discrete and finitely presented,
(2) Y/G is compact,
(3) Γk acts on Xk properly discontinuously and freely,
(4) Xk is simply-connected and there exists R0 such that
π1(BY (q;R0))→ π1(Y ) is surjective, and
(5) there exists R1 such that G
′(R1) generates G
′.
Then there exist normal subgroups Γ′k ⊆ Γk such that
(1) (Xk,Γ
′
k, pk)→ (Y,G
′, q),
(2) Γk/Γ
′
k and G/G
′ are isomorphic for k sufficiently large, and
(3) there exists R2 such that for all k sufficiently large, Γ
′
k is generated
by Γ′k(R2).
Fukaya-Yamaguchi remarked that the conclusions of Theorem 2.10 might
remain true without the assumption that Γk act freely on Xk. We obtain
the following towards this generalization.
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Theorem 2.11. Assume the hypotheses of Theorem 2.10 hold except Γk are
not assumed to act freely on Xk. Assume in addition that Xk is a manifold
for every k. Then the conclusion of Theorem 2.10 still holds.
We will prove Theorem 2.11 in Section 6. However, let us briefly explain
the idea. Fukaya-Yamaguchi used the assumption of free actions to define
certain covering spaces, and Γ′k will be the fundamental group of such a
covering space. If the action of Γk on Xk is not free, then this construction
will not yield covering spaces, and we cannot define Γ′k in this way. However,
if Xk are assumed to be manifolds then the spaces of Fukaya-Yamaguchi are
naturally orbifolds. In fact we can show they are good (sometimes also
called ‘developable’) orbifolds. For good orbifolds, Thurston developed a
theory of orbifold covering spaces. We can then define Γ′k to be the orbifold
fundamental group of a suitable orbifold covering space, and the rest of the
proof of Fukaya-Yamaguchi carries through verbatim.
2.4. Farb-Weinberger’s work on symmetries of universal covers.
We review some of the material of [FW08] since we will use some of the
results and variations on their arguments. The main theorem is as follows.
Theorem 2.12 (Farb-Weinberger). Let M be a closed, aspherical Riemann-
ian manifold. Then either [Isom(M˜) : π1(M)] <∞, or M is isometric to a
Riemannian orbibundle
F →M → B
where
• B is a good Riemannian orbifold, and
• each fiber F is isometric (with respect to the induced metric) to a
nontrivial closed, aspherical locally homogeneous space.
Here a Riemannian orbibundle is a map that is locally modelled on the
quotient map V ×G F → V/G for a finite group G acting on a fixed smooth
manifold F and (V,G) is a chart for the orbifold B. Further we require that
G acts isometrically on V × F and the projection to V is a Riemannian
submersion. We will need the following two useful facts obtained in the
course of the proof.
We will fix the following notation for the rest of the section. Let M
be a closed Riemannian manifold with a C1-Riemannian metric. Set I :=
Isom(M˜) and Γ := π1(M). Assume that [I : Γ] = ∞. By Proposition 2.5
we know that I is a Lie group (possibly with infinitely many components)
and I acts on M˜ by C2 diffeomorphisms. Set Γ0 := Γ ∩ I
0. Then we have
the following.
Lemma 2.13 ([FW08, Claims I and II]).
(1) Γ0 is a cocompact lattice in I
0.
(2) If M is aspherical then I0 contains no nontrivial compact factors.
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Remark 2.14. Farb-Weinberger prove Lemma 2.13 only for smooth Rie-
mannian manifolds, but their proof works verbatim for C1 metrics as well.
Assume in addition that M is aspherical and π1(M) contains no normal
abelian subgroup. Then we get far stronger results. First we see that the
structure of I0 is very constrained as follows.
Proposition 2.15 ([FW08, Proposition 3.3]). Let M be aspherical such
that π1(M) contains no nontrivial normal abelian subgroup. Then I
0 is
semisimple with finite center and no compact factors.
Now assume in addition that (M,g) is smooth. Then Proposition 2.15 im-
plies that the fiber F obtained in Theorem 2.12 is a nonpositively curved lo-
cally symmetric space. Using the theory of harmonic maps for nonpositively
curved manifolds, we can construct a section of the orbibundle obtained in
Theorem 2.12. Together this yields the following result.
Theorem 2.16 ([FW08, Proposition 3.1]). Let M be aspherical such that
π1(M) contains no nontrivial normal abelain subgroup. Then a finite cover
ofM is a Riemannian warped product B×fN where N is a locally symmetric
space of noncompact type and f : B → R>0 is a smooth function.
Recall that if (X, gX ) and (Y, gY ) are Riemannian manifolds, then the Rie-
mannian warped product X ×f Y has underlying manifold X × Y equipped
with the metric
g|(x,y) = gX |x ⊕ f(x)gY |y.
The first step in the proof of Theorem 2.16 is the following proposition.
Since the proof will be useful for us, we give a sketch.
Proposition 2.17. There is a finite index subgroup Γ′ ⊆ Γ such that
• Γ0 ⊆ Γ
′, and
• Γ′ ∼= Γ0 × (Γ
′/Γ0).
Proof. Consider the short exact sequence
1→ I0 → 〈Γ, I0〉 → Γ/Γ0 → 1.
This short exact sequence gives rise to a morphism
ρ : Γ/Γ0 → Out(Γ0).
Since Out(I0) is finite we can assume ρ is trivial by passing to a finite index
subgroup of Γ. Now consider the extension
(2.1) 1→ Γ0 → Γ→ Γ/Γ0 → 1.
This extension gives rise to a morphism
σ : Γ/Γ0 → Out(Γ0).
Let NI0Γ0 be the normalizer of Γ0 in I
0. Since we know Γ/Γ0 acts by inner
automorphisms on I0, it follows that σ has image in the finite group NI0Γ0/
Γ0. Therefore by passing to a finite index subgroup of Γ, we can assume
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that σ is trivial. The extension 2.1 is now determined by a cohomology class
in H2(Γ/Γ0, Z(Γ0)). But since I
0 is a connected semisimple Lie group with
finite center and Γ0 is a torsion-free cocompact lattice in I
0, we know that
Z(Γ0) = 1. Therefore the extension 2.1 is trivial, so that
Γ ∼= Γ0 × (Γ/Γ0).

3. Isometries of Riemannian manifolds and covers
The goal of this section is to prove our main theorems. First we prove
Theorem 1.2 and 1.7. In fact both follow from a general theorem about
isometries of covers (Theorem 3.1 below) which we prove first. Theorem 1.2
(resp. 1.7) follows from the case of the trivial cover M → M (resp. the
universal cover M˜ →M) combined with the Anderson Metric Compactness
theorem (Theorem 2.4). At the end of the section we prove Theorem 1.6.
Theorem 3.1. Let n ≥ 1 and Λ,D, ε > 0. Let M be a closed smooth
manifold and M ′ → M any regular cover of M , and let Γ denote the deck
group. Let gk be Riemannian metrics on M such that
(3.1) |Ricgk | ≤ Λ, injrad(M,gk) ≥ ε, diam(M,gk) ≤ D.
and [Isom(M ′, gk) : Γ]→∞. Then M
′ admits an effective proper C2 action
by a positive-dimensional Lie group G containing Γ.
Proof of Theorem 3.1. By Anderson’s Metric Compactness Theorem (The-
orem 2.4) we can assume there exist diffeomorphisms fk : M
′ → M ′ and
a C1,α Riemannian metric g on M ′ (for some fixed 0 < α < 1) such that
f∗kgk → g in the C
1,α-topology. Since
I(M ′, gk) ∼= I(M
′, f∗kgk)
we can assume that fk = id for all k, so that gk → g in the C
1,α-topology.
Write Ik := Isom(M
′, gk) for the isometry groups of M
′ and I :=
Isom(M ′, g) for the isometry group of the limit metric. By Proposition 2.5,
we have that I is a Lie group (possibly with infinitely many components)
acting by C2,α diffeomorphisms of M ′.
Therefore it suffices to show that [I : Γ] =∞. We prove by contradiction
that I/Γ contains infinitely many cosets hΓ such that h = lim
k→∞
hk where
hk ∈ Ik. The following lemma allows us to produce many isometries.
Lemma 3.2 (Isometry precompactness). I := ∪kIk is uniformly equicon-
tinuous on compact subsets of M ′. Hence if fk ∈ Ik such that for some
p ∈ M ′ the sequence {fk(p)}k is bounded, then (fk)k subconverges to some
f ∈ I.
Proof. The second claim follows from the first claim combined with the
Arzela`-Ascoli theorem. The fact that the limit is an isometry of g follows
easily from gk → g. We prove the first claim. Let K ⊆M
′ be any compact
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subset and ε > 0. Then for k sufficiently large, we have |d(x, y)−dk(x, y)| <
ε
3 for any x, y ∈ K. Fix such k and choose x, y ∈ K with d(x, y) <
ε
3 . Then
for any f ∈ Ik, we have
d(f(x), f(y)) ≤ dk(f(x), f(y)) +
ε
3
= dk(x, y) +
ε
3
≤ d(x, y) +
2ε
3
< ε.

Suppose now there are only finitely many cosets in I/Γ represented by
elements that are limits lim
k→∞
hk with hk ∈ Ik. Choose such representatives
h0, . . . , hr with hj = lim
k→∞
hjk in the Gromov-Hausdorff topology where h
j
k ∈
Ik and h
0 = e. We can assume that H := ∪jh
jΓ is a subgroup of I. For
k ≥ 1, set
Hk :=
⋃
0≤j≤r
hjkΓ.
Note that we do not assume that Hk is a subgroup of Ik. Our goal is to
produce an isometry f ∈ I\H.
Since Fix(h) is nowhere dense for every h 6= e, we can choose p ∈M ′ not
fixed by any h ∈ H\{e}. Since H contains Γ as a finite index subgroup, H
acts properly discontinuously on M ′. Therefore we can choose η > 0 such
that
η <
1
4
min
e 6=h∈H
d(p, h(p)).
In addition choose η < ε4 , where ε is the lower bound on the injectivity radii
of (M,gk). We consider two cases, depending on whether the Ikl-orbit of p
lies in an η-neighborhood of the Hkl-orbit of p or not. We refer to these as
the case of a ‘concentrated orbit’ and ‘diffuse orbit’.
Case 1 (diffuse orbit). Assume that for a subsequence kl →∞, we have
Ikl · p * Bkl(Hkl · p; η).
Then we can choose fkl ∈ Ikl such that dkl(fkl(p), h(p)) ≥ η for all h ∈ Hk.
By postcomposing fkl by an element of Γ we can assume that
dkl(fkl(p), p) ≤ diam(M,gkl) ≤ D.
Therefore along a subsequence we have fkl → f for some f ∈ I, and we
know
d(f(p), h(p)) = lim
l→∞
dkl(fkl(p), hkl(p)) ≥ η
for every h ∈ H. It follows that f 6= h for any h ∈ H, as desired.
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Case 2 (concentrated orbit). For k ≫ 1 we have
Ik · p ⊆
⋃
h∈H
Bk(h(p); η).
Set
Λk := {f ∈ Ik | dk(f(p), p) < η}.
Step 1 (Λk is a group for k ≫ 1). We claim that Λk is a finite subgroup
of Ik for k ≫ 1. It is clear that whenever f ∈ Λk, we have f
−1 ∈ Λk and that
Λ contains idM ′ . It remains to show that Λk is closed under multiplication.
Let f1, f2 ∈ Λk. Then there exists 0 ≤ j ≤ r such that
dk(f1f2(p), h
k
j (p)) < η.(3.2)
Our goal is to show j = 0. Note that if 1 ≤ i ≤ r then
lim
k→∞
dk(h
k
i (p), p) = d(hi(p), p) ≥ 4η.
So we can choose k ≫ 1 such that for any 1 ≤ i ≤ r, we have
dk(h
i
k(p), p) ≥ 3η.(3.3)
It follows from Equations 3.2 and 3.3 that for any j 6= 0, we have
dk(f1f2(p), p) ≥ 2η.(3.4)
On the other hand, since f−11 , f2 ∈ Λk, we find
dk(f1f2(p), p) = dk(f2(p), f
−1
1 (p))
≤ dk(f2(p), p) + dk(p, f
−1
1 (p))
< 2η,
contradicting Equation 3.4. Therefore we must have j = 0. It remains to
show that Λk is finite. This follows immediately from the definition of Λk
and the proper discontinuity of the action of Ik on M
′. This completes Step
1.
Step 2 (Nontriviality). We show that Λk is nontrivial for k ≫ 1.
Suppose Λkl is trivial for some subsequence kl → ∞. Let f ∈ Ikl . By
assumption there exists 0 ≤ j ≤ r and h ∈ hjklΓ such that d(f(p), h(p)) < η.
It follows that f−1h ∈ Λkl = {e}, so f = h ∈ h
j
kl
Γ Since f ∈ Ikl was
arbitrary, we conclude that [Ikl : Γ] ≤ r + 1. This is a contradiction for
l≫ 1, which completes Step 2.
Newman proved that there exists δ > 0 such that such for any nontriv-
ial compact group G acting effectively on M ′, there exists a G-orbit with
diameter at least δ with respect to the metric d [Bre72, Corollary III.9.6].
In particular there exists δ > 0 (independent of k) and qk ∈ M
′ such that
diam(Λk · qk) ≥ δ. A major difficulty is that we could have qk →∞, so that
the inequality d(fk(qk), qk) ≥ δ does not give any information as k → ∞.
We resolve this in the following way.
Step 3 (Trapping qk) We prove there exists a compact subset K of M
′
such that for every k ≫ 1, there exists e 6= f ∈ Λk with a fixed point in K.
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Let k ≫ 1 such that Step 1 holds. Consider
Vk :=
⋃
λ∈Λk
Bk(λ(p); η).
Note that
diamk Vk ≤ 3η ≤ injrad(M,gk).
Therefore Uk is contained in a geodesically convex ball Bk centered at p, so
that every pair of points of Vk is joined by a unique geodesic with respect to
gk. Let Ck be the convex hull of Uk. Since Vk is a Λk-invariant set and Λk
acts by isometries with respect to gk, it follows that Ck is also Λk-invariant.
Further, since Vk is closed and convex, it follows that Ck is homeomorphic
to an n-dimensional disk.
Now let e 6= f ∈ Λk. By possibly replacing f by a power, we can assume f
has prime order ℓ. Consider the action of 〈f〉 on Ck. Since Ck is contractible,
it is well-known that f must have a fixed point on Ck, for otherwise Ck/〈f〉
would be a finite dimensional K(Z/ℓZ, 1), which is impossible. Let xk ∈ Ck
be fixed by f .
Now set K := B(p; 4η). Note that by construction, we have dk(xk, p) ≤
3η. Therefore for k ≫ 1, we have xk ∈ K, which proves Step 2.
Step 4 (Constructing qk). Choose e 6= fk ∈ Λk with fixed points
xk ∈ K as above. Since K is compact, after passing to a subsequence, we
can assume that xk → x for some x ∈ M
′. Now consider the action of 〈fk〉
on Bk(xk; η).
Let ∇gkxk,x denote parallel transport from xk to x with respect to the
metric gk. Then ∇
gk
xk,x ◦ (exp
gk
xk)
−1
is a diffeomorphism from Bk(xk; η) to the
η-ball Bk := Bk(0; η) ⊆ TxM
′ with respect to gk. The above diffeomorphism
defines a smooth conjugacy between the action of 〈fk〉 on Bk(xk; η) and an
action on Bk.
Choose linear isomorphisms Ak of TxM
′ such that Ak conjugates the
quadratic form gk|x to g|x. Since gk → g in the C
1,α-topology, we have
gk|x → g|x, so that we can choose Ak such that Ak → id. Denote by
B := B(0; η) the ball in TxM
′ with respect to the metric g. Then Ak
conjugates the action of 〈fk〉 on Bk to an action on B.
Now let δ > 0 be the constant from Newman’s theorem for the metric
space (B, d). By choice of δ, there exists vk ∈ B and lk ≥ 1 such that
d(vk, f
lk
k (vk)) ≥ δ.
Along a subsequence, we can assume vk → v for some v ∈ B and f
lk
k → f .
Write
qk := exp
gk
xk
∇gkx,xkA
−1
k vk
where the exponential map and parallel transport are with respect to gk.
Similarly define q := expgx v where the exponential map is with respect to
the metric g.
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Step 4 (Convergence) We claim that qk → q. First note that
d(qk, exp
gk
x A
−1
k vk)→ 0
since xk → x (so that ∇
gk
x,xk → id). Secondly,
d(expgkx A
−1
k vk, exp
g
xA
−1
k vk)→ 0
since gk → g (so that exp
gk
x → exp
g
x). Combining these observations, we see
that qk → q if and only if A
−1
k vk → v. But the latter is obvious since vk → v
and Ak → id.
Step 5 (Constructing a new isometry). We produce an isometry
f ∈ I such that f /∈ H. Let k ≫ 1 such that Steps 1, 2, and 3 hold. Recall
that qk ∈M
′ have the property diam(Λk · qk) ≥ δ (where δ does not depend
on k). Choose fk ∈ Λk such that d(fk(qk), qk) ≥ δ. Along a subsequence we
can assume that qk → q and fk → f for some q ∈ M and f ∈ I. We claim
that f /∈ H.
By Step 4, we have
d(f(q), q) = lim
k→∞
dk(fk(qk), qk),
and by the same arguments as in the proof of Step 4, we have
lim
k→∞
dk(fk(qk), qk) = lim
k→∞
d(fk(exp
g
x(A
−1
k vk)), exp
g
x(A
−1
k vk)).
(Here the exponential maps are with respect to g). Since g is a C1,α-metric
with α > 0, exponential maps of g are Ho¨lder continuous with exponent α.
Therefore there is a constant L > 0 such that
lim
k→∞
d(fk(exp
g
x(A
−1
k vk)), exp
g
x(A
−1
k vk)) ≥ L limk→∞
(‖fk(vk)− vk‖gx)
1
α ≥ Lδ
1
α > 0.
It follows that d(f(q), q) ≥ Lδ
1
α > 0 so f is nontrivial. Further observe that
d(f(p), p) = lim
k→∞
dk(fk(p), p) ≤ η
and for e 6= h ∈ H we have
d(h(p), p) ≥ 4η.
This completes Step 5, which shows that f /∈ H. On the other hand by
construction f is a limit of a subsequence of elements of fk ∈ Ik. This con-
tradicts the definition of H. This is the desired contradiction that completes
the proof of Theorem 3.1. 
Proof of Theorem 1.2. Let n ≥ 1 and Λ,D, ε > 0. Suppose that for k ≥ 1
there exists a smooth n-manifolds Mk and a Riemannian metric gk on M
such that
|Ricgk | ≤ Λ, diam(Mk, gk) ≤ D, injrad(Mk, gk) ≥ ε
and | Isom(M,gk)| → ∞. We want to show that for any k ≫ 1, the manifold
Mk admits a C
2 circle action. By Anderson’s Metric Compactness Theorem
(Theorem 2.4) we can assume that there is a closed smooth manifold M
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such that Mk is diffeomorphic to M for all k. Theorem 3.1 applied to the
trivial cover M →M implies that M admits a C2 circle action. 
Proof of Theorem 1.7. Let n ≥ 1 and Λ,D, ε > 0. Suppose that for k ≥ 1
there exists a smooth n-manifolds Mk and a Riemannian metric gk on M
such that
|Ricgk | ≤ Λ, diam(Mk, gk) ≤ D, injrad(Mk, gk) ≥ ε
and [Isom(M˜k, g˜k) : π1(Mk)] → ∞. We want to show that for any k ≫ 1,
there is an effective proper C2 action by a positive-dimensional Lie group Gk
containing π1(Mk) on M˜k . By Anderson’s Metric Compactness Theorem
(Theorem 2.4) we can assume that there is a closed smooth manifold M
such that Mk is diffeomorphic to M for all k. Theorem 3.1 applied to the
universal cover M˜ → M implies that M˜ admits a proper C2 action by a
positive-dimensional Lie group. 
Proof of Theorem 1.6. Let (M,g) be a closed aspherical manifold with cen-
terless fundamental group and satisfying the bounds of Equation 1.1. It is
well-known that the lower bound on Ricci curvature Ric ≥ Λ and diam ≤ D
give a packing inequaltiy. Namely, the number N of disjoint ε4 -balls in M is
bounded only depending on Λ and D. More explicitly, we have the following
Bishop-Gromov inequality for R > r and p ∈ M˜
vol (B(p;R)
vol(B(p; r))
≤
Vk(R)
Vk(r)
where Vk(s) is the volume of a ball of radius s in a simply-connected space of
constant curvature k = −Λn−1 and dimension n. Using that M has diameter
≤ D, it is easily follows that the number of disjoint ε4 -balls in M is at
most N =
Vk(D2 )
Vk( ε4)
. Take a maximal collection of disjoint ε4 -balls. Then the
collection of balls with the same centers but radius ε2 covers M .
Now let X be the nerve associated to this cover (i.e. the vertices of X are
the balls Bi, 1 ≤ i ≤ m, and two vertices are joined if and only if Bi∩Bj 6= ∅,
and Bi, Bj, Bk span a triangle if and only if Bi ∩Bj ∩Bk 6= ∅).
Since injrad(M,g) ≥ ε, we know that each of these balls are embedded and
all possible intersections are contractible. It follows that π1(M) ∼= π1(X).
Now let f : M → M be an isometry. Then define a map F : X → X
as follows. Let x ∈ X0 and B the corresponding ball with center p ∈ M .
Let q ∈ M be a point that is the center of some ball in U and minimizes
distance to f(p). Note that there might be many such points, but in which
case we arbitrarily choose one of them. Set F (x) := q. Then extend F to a
simplicial map X → X.
It is easy to see that F∗ = f∗ on fundamental groups (after making the
identification π1(X) ∼= π1(M) induced by the inclusion X →֒M). However,
there are only finitely many possibilities for F . Explicitly the number is
bounded above by the number of maps X0 → X0, which is NN = C.
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Therefore there are at most C possibilities for f∗ : π1(M) → π1(M) up to
conjugation.
The theorem of Borel on group actions closed aspherical manifolds with
centerless fundamental groups mentioned in Section 1, has the following
more precise formulation [Bor83]. Let G be a compact group acting on a
closed aspherical manifold N with centerless fundamental group. Then the
map
G→ Out(π1N)
is an embedding. Setting G := Isom(M) and N := M we obtain
| Isom(M)| ≤ C. 
4. Isometry groups of contractible manifolds
In this section we prove Theorem 1.8.
Proof of Theorem 1.8. Suppose there exist closed, aspherical, smoothly ir-
reducible Riemannian n-manifolds (Mk, gk) such that π1(M) contains no
nontrivial normal abelian subgroup, and such that
|Ricgk | ≤ Λ, injrad(Mk, gk) ≥ ε, diam(Mk, gk) ≤ D,
and [I(M˜k, g˜k) : π1(Mk)] → ∞. As before we can assume that Mk are
diffeomorphic to a single manifold M and gk → g in the C
1,α-topology. By
the work of Farb-Weinberger, if [I(M˜ , g˜k) : π1(M)] = ∞ for k ≫ 1, then a
finite cover M ′ of M is a warped product (see Theorem 2.16), but no bound
on the degree of the cover M ′ → M is obtained. The existence of a bound
is proven in the following lemma.
Lemma 4.1. There exists d(n) ≥ 1 such that the cover M ′ → M can be
chosen of degree at most d(n).
Proof. We keep the notation of the proof of Proposition 2.17. By Lemma
2.13.(1), we have that Γ0 ⊆ I
0 is a cocompact lattice and by Proposition
2.15, we know that I0 is semisimple with finite center. As in the proof of
Proposition 2.17, consider the the short exact sequence
(4.1) 1→ I0 → 〈I0,Γ〉 → Γ/Γ0 → 1,
which gives rise to morphism σ : Γ/Γ0 → Out(I
0). Let Γ′ be the preimage
in 〈I0,Γ〉 of ker σ. Now consider the short exact sequence
(4.2) 1→ I0/Z(I0)→ 〈Γ′, I0〉/Z(I0)→ Γ′/Γ0 → 1.
This extension is determined by a cohomology class in H2(Γ′/Γ0, Z(I
0/
Z(I0))) and a morphism Γ′/Γ0 → Out(I
0/Z(I0)). Since Z(I0/Z(I0)) = 1
and Γ′/Γ0 = ker σ, we see this extension is trivial, so that
〈Γ′, I0〉/Z(I0) ∼= (I0/Z(I0))× (Γ′/Γ0).
In particular Γ′/Γ0 centralizes the image of Γ0 in I
0/Z(I0). Since Z(I0) is
finite and Γ0 is torsion-free, it follows that Γ0 projects isomorphically into
I0/Z(I0). Hence Γ′/Γ0 centralizes Γ0.
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Further Z(Γ0) = Γ0 ∩Z(I
0) = 1, so we have Γ′ ∼= Γ0× (Γ
′/Γ0). Now it is
clear that
[Γ : Γ′] ≤ |Out(I0)| ≤ |Out(I0/Z(I0))|.
To have this bound only depend on n (not on I0), let d be the maximal
order of Out(G) where G is a semisimple Lie group with trivial center such
that the associated symmetric space has dimension ≤ n. 
We will now show that [I(M˜, gk) : π1(M)] =∞ for k ≫ 1, which will com-
plete the proof. By Theorem 1.7, it follows that there exists a nondiscrete
Lie group G (possibly with infinitely many components) such that Γ ⊆ G,
and G acts properly by C2 diffeomorphisms on M˜ . Set Γ0 := Γ ∩G
0.
By Lemma 2.13 and Proposition 2.15, we have that G0 is semisimple with
finite center and no compact factors, and Γ0 ⊆ G
0 is a cocompact lattice.
By Lemma 4.1 we can find Γ′ ⊆ Γ of index at most d such that
Γ′ ∼= Γ0 × (Γ
′/Γ0).
By Theorem 2.8 of Fukaya-Yamaguchi, we find that there is a closed sub-
group H ⊆ G such that
(M˜, Ik, pk)→ (M˜ ,H, pk)
in the equivariant Gromov-Hausdorff sense. Note that sinceH ⊆ G is closed,
H is a Lie group.
Step 1 (Structure of the limit). We claim that H is a nontrivial
product of factors of G0 and Λ0 := Γ0 ∩H
0 is a cocompact lattice in H0.
The proof of Theorem 2.8 (see [FY92, Prop 3.6]) shows that if fk ∈ Ik such
that fk → f (or along a subsequence) then f ∈ H. It follows that Γ ⊆ H
and from the proof of Theorem 1.7, it follows that there are infinitely many
distinct cosets of G/Γ that are limits of subsequences of (fk)k where fk ∈ Ik.
Hence [H : Γ] =∞.
Since H is a Lie group and Γ ⊆ H is cocompact and of infinite index,
it follows that H0 6= 1. Further Γ normalizes H0. Hence H0 is a closed
connected subgroup of the semisimple Lie group G0 that is normalized by
Γ0. By the Borel Density theorem (see [Rag72, 5.17, 5.18]), it follows that
H0 is normal in G0, hence H0 is a product of factors of G0. Since Γ is
cocompact in H, it follows that Λ0 is cocompact in H
0. This completes
Step 1.
Step 2 (Detection of H0 in the sequence). We show that the condi-
tions for Theorem 2.11 are satisfied. Namely, we claim
(1) H/H0 is discrete and finitely presented,
(2) M˜/G is compact,
(3) There exists R > 0 such that H0 is generated by H0(R),
(4) Ik acts on M˜ properly discontinuously.
Proofs.
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(1) It is clear that H/H0 is discrete, and using that Γ ∼= Γ0× (Γ/Γ0), it
follows that
H/H0 ∼= (Γ0/Λ0)× (Γ/Γ0).
Γ is finitely presented since it is the fundamental group of a closed
manifold. Note that Γ/Γ0 is finitely presented since it is a direct
factor of Γ (see [Wal65, Lemma 1.3]). Further Γ0/Λ0 is finitely
presented since it is a cocompact lattice in the semisimple Lie group
G0/H0. Hence H/H0 is finitely presented.
(2) Since M is compact and the map
M = M˜/Γ→ M˜/G
is continuous and surjective, it follows that M˜/G is compact.
(3) For any R > 0, we know that H0(R) is an open neighborhood of the
identity. Since H0 is a connected Lie group, it is generated by any
open neighborhood of the identity.
(4) The action of Ik on M˜ is properly discontinuous since Ik contains Γ
with finite index, and Γ acts properly discontinuously on M˜ .
By Properties (1)-(4) the hypotheses of Theorem 2.11 hold, so there exist
normal subgroups I ′k ⊆ Ik such that Ik/I
′
k
∼= H/H0 for k ≫ 1.
Step 3 (Constructing maps to H0). Since H/H0 ∼= Γ/Λ0, it follows
that I ′k contains Λ0 with finite index. Choose Λk ⊆ Λ0 of finite index such
that Λk is normal in I
′
k. Therefore we get a map
I ′k/Λk → Out(Λk).
The generalized Nielsen realization problem asks if whenever N is a closed
aspherical manifold and F ⊆ Out(π1(N)) is a finite subgroup, F can be
realized as a group of isometries N . Originally Nielsen posed this problem
for hyperbolic surfaces and asked if F can be realized by isometries. An
affirmative solution was given by Kerckhoff [Ker83]. For locally symmetric
spaces of noncompact type without surface factors Mostow rigidity implies
that F lifts to a group of isometries [Mos73]. A combination of these results
solves the generalized Nielsen realization problem for arbitrary closed locally
symmetric spaces of noncompact type.
It follows that I ′k/Λk acts by isometries on the locally symmetric space
Λk\H
0/K, where K ⊆ H0 is a maximal compact subgroup. It follows that
there is a map
ϕk : I
′
k → Isom(H
0/K).
This map extends the natural inclusion Λ0 →֒ H
0. The number of compo-
nents of Isom(H0/K) is finite, so that there exists L > 1 (independent of k)
and a characteristic subgroup I ′′k ⊆ I
′
k of index at most L such that
ϕk : I
′′
k → H
0.
Step 4 (Estimating kerϕk). We show that kerϕk 6= 1 for k ≫ 1. By
the Kazhdan-Margulis theorem on minimal orbifolds for symmetric spaces
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[KM68], the volume of orbifolds modeled on H0/K is bounded away from
0. Since
[ϕk(I
′′
k ) : Λ0] =
vol(Λ0\H
0/K)
vol(ϕk(I
′′
k )\H
0/K)
,
it follows that there is L′ (independent of k) such that [ϕk(I
′′
k ) : Λ0] ≤ L
′.
On the other hand we know
[I ′′k : Λ0] ≥
1
L
[I ′k : Λ0]→∞.
Hence we have
| kerϕk| → ∞.
Step 5 (End of the proof). Let F k be the center of ϕk(I
′′
k ), and set
Fk := ϕ
−1
k (F k). Since ϕk(I
′′
k ) is a lattice in the connected semisimple Lie
group H0 (with finitely many components and finite center), it follows from
the Borel Density theorem that any finite normal subgroup of ϕk(I
′′
k ) is
central (see [Mor, Cor 4.45]). Hence Fk is characteristic in I
′′
k . Since I
′′
k is
normal in Ik, it follows that Fk is normal in Ik.
Now let Γ′ ⊆ Γ be the centralizer of Fk. Then Γ
′ ⊆ Γ is normal and finite
index. Hence the action of Fk on M˜ descends to an action on the closed
aspherical manifold M ′ := M˜/Γ′.
By assumption, Γ has no nontrivial normal abelian subgroups. On the
other hand Z(Γ′) is a characteristic subgroup of Γ′, hence Z(Γ′) is a normal
abelian subgroup of Γ. Therefore Z(Γ′) = 1.
By a theorem of Borel [Bor83], if F is a finite group acting effectively
on a closed aspherical manifold with centerless fundamental group π, then
the induced map F → Out(π) is injective. But Fk centralizes Γ
′, so the
map Fk → Out(Γ
′) is trivial. We conclude that Fk is trivial. But since Fk
contains kerϕk, we know that |Fk| → ∞. This is a contradiction. 
5. Minimal Orbifolds
Proof of Corollary 1.14. The proof is by induction on n. First note that
injrad(M) ≥ ε combined with Berger’s isembolic inequality [Ber80] yields
vol(M) ≥ v
for some v > 0 only depending on n and ε. Let C be as in Theorem 1.8.
First suppose we have [I(M˜) : π1(M)] ≤ C. Then
vol(M˜/I(M˜ )) =
vol(M)
[I(M˜ ) : π1(M)]
≥
vol(M)
C
≥
v
C
,
which yields the desired bound.
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Now suppose we have [I(M˜ ) : π1(M)] > C. By Theorem 1.8 and choice
of C, we have there exists a contractible Riemannian manifold X and a
nontrivial symmetric space Y of noncompact type such that M˜ is isometric
to the Riemannian warped product X×f Y where f : X → R>0 is a smooth
map. Therefore at the point (x, y) ∈ X × Y the metric g satisfies
g|(x,y) = gX |x ⊕ f(y)gY |y
where gX is a metric on X and gY is a locally symmetric metric on Y .
Base case (n = 2). Since the only nontrivial locally symmetric space of
dimension ≤ 2 is the hyperbolic plane, we must have Y ∼= H2, and X is
trivial. In particular it follows that M is a hyperbolic surface of constant
curvature ≥ −Λ. Siegel [Sie45] showed that the minimal Euler characteristic
of a 2-orbifold is 142 , the Gauss-Bonnet theorem implies that for any orbifold
M ′ modeled on M˜ , we have
vol(M) ≥
−2πχ(M)
Λ
≥
π
21Λ
.
Inductive step. Suppose now the result is true in dimension < n. Normalize
gY such that K(gY ) ≥ −1.
Step 1 (Control on geometry in the X-direction). Let d ≥ 1 be
as in Theorem 1.8. Choose a cover M ′ of degree ≤ d that is isometric to a
warped product B ×f N where N is a locally symmetric space modeled on
Y . We can write N = Y/Λ0 and B = X/(Λ/Λ0) for some Λ ⊆ I(M˜ ). Since
the factor X is totally geodesic in the warped product X×f Y and the cover
M ′ →M is degree ≤ d, we see that
|RicgX | ≤ Λ, injrad(B) ≥ ε, diam(B) ≤ dD.
Further B is aspherical and Λ/Λ0 does not contain nontrivial normal abelian
subgroups, and dimB < n. By the inductive hypothesis there exists µ′ > 0
(only depending on n,Λ, ε,D) such that
vol(X/(I/I0)) ≥ µ′,
where I := Isom(M˜).
Step 2 (Control in Y -direction) We claim there exists α > 0 only
depending on Λ, ε,D and n, such that f ≥ α everywhere.
To see this, choose x0 ∈ X such that f(x0) is a minimum. Then {x0}×Y is
totally geodesic in X×f Y . This is immediate from an explicit description of
the geodesics of a warped product (see [Zeg, Theorem 6.3]). Namely, suppose
γ(t) = (x(t), y(t)) ∈ X ×f Y is a geodesic. Then y(t) is an unparametrized
geodesic on Y , and x(t) satisfies the equation
x′′ = −∇
(
c
f
)
(x)
for some c > 0. Since x(0) = x0 is a minimum of f , we see that
−∇
(
c
f
)
(x0) = 0, so that x(t) = 0 is a solution.
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Since {x0} × Y is totally geodesic in X ×f Y , we know that the metric
f(x0)gY also satisfies the Ricci curvature bound |Ricf(x0)gY | ≤ Λ. The
normalization K(gY ) ≥ −1 and the bound Ric(f(x0)gY ) ≥ −Λ give a lower
bound f(x0) ≥ α where α depends only on Λ and n. This completes the
proof of Step 1.
Now suppose ∆ acts on M˜ properly discontinuously and vol(M˜/∆) <∞.
Set ∆0 := ∆ ∩ I
0. Then ∆0 is a lattice in I
0. In the cocompact case
this follows from [FW08]. For the noncocompact case, see the proof of [vL,
Corollary 1.5]. To summarize, disintegrate the finite volume measure on
M˜/∆ along the fibers of the map
p : M˜/∆→ X/(∆/∆0).
If x is not a singular point of the orbifold X/(∆/∆0), then p
−1(x) = Y/∆0
equipped with the volume form νx := f(x)
m volY where m := dimY . Since
the total space M˜/∆ has finite volume and f is bounded away from 0, it
follows that a.e. fiber has finite volume.
By the Kazhdan-Margulis theorem on minimal orbifolds of symmetric
spaces, we know there exists η > 0 such that
volY (Y/∆0) ≥ η.
Step 3 (Bounding volume of orbifolds). We conclude that
vol(M˜/∆) =
∫
X/(∆/∆0)
νx(p
−1(x)) dvolX(x)
=
∫
X/(∆/∆0)
|f(x)|m volY (Y/∆0) dvolX(x)
≥ αm volY (Y/∆0) volX(X/(∆/∆0))
≥ αnηµ′.
This proves the theorem. 
6. Detecting normal subgroups and equivariant
Gromov-Hausdorff convergence
We prove Theorem 2.11. As mentioned in Section 2, the proof is essen-
tially Fukaya-Yamaguchi’s proof of Theorem 2.10 (see [FY92, Appendix 1]),
but some arguments involving covering spaces are replaced by analogous ar-
guments involving orbifold covers. Since the original proof is quite long, we
will merely summarize most of the proof and only supply the details where
the arguments need to be changed (see Claims 6.1 and 6.2 below). For the
details of the original proof, see [FY92].
Proof of Theorem 2.11. Let εk → 0 such that there are εk-equivariant
Gromov-Hausdorff approximations
(fk, ϕk, ψk) : (Xk,Γk, pk)→ (Y,G, q).
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Choose R such that R > R0 and R > D and R <
1
10εk
. Then we define
Γ′k(R) := Γk(R) ∩ ϕ
−1
k (G
′).
Let Γ′′k be the subgroup generated by Γ
′
k(R). We will construct Γ
′
k⊳Γk such
that Γ′k ∩ Γk(R) = Γ
′
k(R) ,and Γk/Γ
′
k
∼= G/G′ for k sufficiently large.
First define a relation on Γk(R) as
γ ∼ δ ⇐⇒ γ−1δ ∈ Γ′k(3R).
As in [FY92], we show ∼ is a bi-invariant equivalence relation if k is suffi-
ciently large. Set
Λk(R) := Γk(R)/ ∼ .
Since Γk(R) is naturally a pseudogroup, there is a natural pseudogroup
structure on Λk(R). We apply the same construction to G(R) and G
′(R)
(rather than Γk(R) and Γ
′
k(R)), and we obtain a pseudogroup H(R) :=
G(R)/ ∼. The maps ϕk descend for k ≫ 1 to pseudogroup morphisms
ϕk : Λk(R)→ H(R),
and for k ≫ 1, we see that ϕ is an isomorphism. We let Λ̂k(R) and Ĥ(R)
be the groupifications of Λk(R) and H(R). There are natural inclusions
ik : Λk(R) →֒ Λ̂k(R)
and
i : H(R) →֒ Ĥ(R).
Now Γ′k(3R) (resp. G
′(3R)) acts (as a pseudogroup) on BXk(pk;R) (resp.
BY (q;R)). We let Vk(R) (resp. W (R)) be the quotients.
Claim 6.1. The natural projection π : BXk(pk;R) → Vk(R) is an orbifold
covering.
Proof. Let x ∈ BXk(pk;R). Choose an open neighborhood U ∋ x such that
U ⊆ BXk(pk;R) and U contains no Γ-translates of x except x itself. On U ,
we have the local description
U → U/StabΓ′
k
(3R)(x)
for π. Therefore it suffices to prove StabΓ′
k
(3R)(x) is a group (note that this is
not obvious, since Γ′k(3R) is only a pseudogroup). Let γ, δ ∈ StabΓ′k(3R)(x).
We want to show that γδ−1 ∈ Γ′k(3R). First we show that γδ
−1 ∈ Γk(3R).
Note that
dk(γδ
−1pk, pk) ≤ dk(γδ
−1, γδ−1x) + dk(γδ
−1x, x) + dk(x, pk)
≤ R+ 0 +R
≤ 2R,
so γδ−1 ∈ Γk(3R). It remains to show that γδ
−1 ∈ ϕ−1k (G
′). To see this,
note that since ϕk is a pseudogroup morphism, we have
ϕk([γδ
−1]) = [e] ∈ H(R),
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so ϕk(γδ
−1) ∈ G′, as desired. It follows that Vk(R) is an orbifold and
BXk(pk;R)→ Vk(R) is an orbifold cover. 
The quotient pseudogroup Λk(3R) (resp. H(3R)) acts on Vk(R) (resp.
W (R)). Hence Λk(3R) (resp. H(3R)) acts (as a pseudogroup) on Λ̂k(3R)×
Vk(R) (resp. Ĥ(3R)×W (R)) as
γ · (δ, x) = (δγ−1, γx)
for γ ∈ Λk(3R), δ ∈ Λ̂k(3R) and x ∈ Vk(R). There is a similar formula for
H(3R) acting on Ĥ(3R) ×W (R). Let V ′k (resp. W
′) be the quotient, and
let Vk (resp. W ) be the connected component of the image of [(e, [pk])] ∈ V
′
k
(resp. [(e, [q])]).
Since the action of Λk(3R) on Λ̂k(3R)× Vk(R) is free, we have a natural
orbifold structure on Vk.
Further Λ̂k(3R) (resp. Ĥ(3R)) acts on Λ̂k(3R) × Vk(R) (resp. Ĥ(3R) ×
W (R) by left-translations on the first factor, and this action commutes with
the action of Λk(3R) (resp. H(3R)) described above. Therefore Λ̂k(3R)
(resp. Ĥ(3R)) acts on V ′k (resp. W
′). Let Λk (resp. H) be the subgroups
preserving Vk (resp. W ).
As in Fukaya-Yamaguchi’s proof, we see:
(1) Λk ∼= H,
(2) Λk (resp. H) acts properly discontinuously on Vk (resp. W ),
(3) W/H ∼= Y/G.
Claim 6.2 (replaces Lemma A1.14 in [FY92]). Vk/Λk ∼= Xk/Γk as orbifolds.
Remark 6.3. Lemma A1.14 of [FY92] states that Vk/Λk and Xk/Γk are
diffeomorphic. Here it is critical that Γk act freely, for otherwise Xk/Γk
need not be a manifold. Below we will give an explicit description of orbifold
charts which will imply the result.
Proof. Since (Xk,Γk, pk) → (Y,G, q), we have Gromov-Hausdorff conver-
gence of the orbit spaces (see Theorem 2.9):
Xk/Γk → Y/G.
Hence for k ≫ 1 we have diam(Xk/Γk) < R. It follows that we can choose
a fundamental domain Uk ⊆ BXk(pk;R) for the Γk-action on Xk.
Then Uk projects to the fundamental domain Fk := Uk/Γ
′
k(3R) for the
Λk-action on Vk. If x ∈ Fk ⊆ Vk and g ∈ Λk such that gx = x, then there is
γ ∈ Λk(3R) such that
(g, x) = (γ−1, γx).
Hence g = γ−1, so g ∈ StabΛk(3R)(x) (here we view x ∈ Uk/Γ
′
k(3R) ⊆
Vk(R)). Choose a lift x˜ ∈ Uk of x. Then a chart for Vk/Λk containing x is
given by (Uk,StabΓk(3R)(x˜), π1) where π1 is the natural projection π : Uk →
Vk/Uk/StabΓk(3R)(x˜). Again an important point is that StabΓk(3R)(x˜) is a
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group, even though Γk(3R) is only a pseudogroup. This is proven in the
same way as in Claim 6.1.
A chart for Xk/Γk containing an orbit x = Γkx˜ is given by the triple
(Uk,StabΓk(x˜), π2) where π2 is the natural projection Uk → Xk/Γk. Since
StabΓk(x˜) = StabΓk(3R)(x˜),
it follows that Vk/Λk ∼= Xk/Γk as orbifolds. 
In particular, Vk/Λk is a good orbifold (because Xk is a manifold) and
Vk → Vk/Λk
is an orbifold covering. Therefore Vk is a good orbifold as well. Let Γ
′
k be
the orbifold fundamental group of Vk. With this setup, the remainder of
Fukaya-Yamaguchi’s proof works verbatim. 
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